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1} o= T o .

g,!,’ STATIONARY PERTURBATION THEORY (NON-DEGENERATE CASE) :

The stationary perturbation theor}' 1s concerned with finding the changes in the energy levels and eigen
functions of a system whep a §mall disturbance is applied. In such cases, the Hamiltonian can be broken up
into two parts, one of which is large and represents a system for which the Schroedinger equation can be
solved exactly, while other part is small and can be treated ss perti-bation term. If the potential energy is
disturbed by the influence of additional forces, the energy leveis arc shifted and for a weak perturbation, the
amount of shift can be estimated if the original unperturbed states are known. ’

Consider a physical system subjected to a perturbation which shifts the energy levels slightly : of
course the arrangement remains ths same : Mathematically the effect of peiturbation is to introduce
additional terms in the Hamiltonian of the unperturbed system (or unchanged system). This additional term
may by constant or it may be a function of both the space and momentum co-ordinates.

In other words, the Hamiltonian H in the Schroedinger equation can be written as the sum of two parts ;

one of these parts I-I0 corresponds to unperturbed system and other part H' corresponds to perturbation
effect. Let us write Schroedinger wave equationA

| R Hy=EYv, | (1)
in which Hamiltonian H represents the operator
‘ No-Bslor,y | @
— — 2 i mi ' . e
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A AL f two te 0
he sum O rms y
of operator HHIist an ,

Let E be the eigen value and v is eigen function

already defined

Where H’ is small perturbation term. . lue of unperturbed Hap:
: en valu Miltg:
gen function and €18 Onjg,

0 4] . :
Lety; and E, be a particular orthonormal el

HO; i.e.,

0

0_ B Wi :

H0 k = Fk : : is one e ,
v he system for which there 1 18N fungy,

i n
tem, the Hamiltonian H does not depend upq, in

If we consider non-degenerate system that is t
A yielding the expression

corresponding to each eigen value. In the stationary syS
and it is possible to expand H in terms of some parameter
’ 2H” + ...

: . ‘H=Ho+“{ Tx ;,—(.)reducestotheform
in which A has been chosen in such a way that equation (1) forA =

0 EO 0 = 0 __.(5

H y -EY _ )

d energy level EO corresponding to Operaty

It is to be remembered that there is one eigen function Y an . ;
‘“‘wave equation of unpertrpg

H. Equation (5) can be directly solved. This equation is said to be the
system’’ while the terms A H” + A2 H” + ... are called the perturbation terms.

The unperturbed equation (5) has solutions
0 0 0 0
WO ’ u’] ’ Wz y seey ‘«Vk g oo
called the unperturbed eigen functions and corresponding eigen values are
| 0
20 E% EC,.. B, ..

~(4)

The functions \yku form a complete orthonormal set, i.e. they satisfy the condition

f y \,,JP d =3 {6)
where §;; is Kronecker delta symbol defined as
0; =0 for i #j
. =1 for i=j
Now let us consider the effect of perturbation. The application of perturbation does not cause large

changes : hence the energy values and wave-functions for the perturbed system will be near to those for the
unperturbed system. We can expand the energy E and the wave-function  for the perturbed system in

terms of A, so .
0 ’
Ve =V + Ay + A7 v+, A7)

: .
E,=E + ME/ + K2 E” +... -(8)
If the perturbation is small, then terms of the series (7) and (8) will become repidly smaller i.e., the

series will be conivergent.
Now substituting (6), (7) and (8) in equation (1), we get

. 0 4 2 4 0 ’ 2 ”
(H™ +AH + A H" +..) (e + Ay + Ly +..) = (Eko + AE/ + AZEk" i)
(W + g+ A+ )

On collecting the coefficients of like powers of A.
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.0 0 0 0
(Ho Yk - Ex vie) + (H Wk""H'\Il/?—EO v ey 0
kWK — Eyp) A+ H e + H v + H” Vi

. 1 1 EO ” ’ ’ ” 0 2 ; p—

If this series 1S properly convergent j ¢ - Ex w” - EYw - Ex W) A+ F 0.
yarious powers of A must vanish separat.el; er?ﬁ“' to zero for all possible values of A, then coefficients of
peﬂurbation. The coeficient of A° gives - These equations will have successively higher orders of the

H - B} P |
The coefficient of A gives the eq“ﬂlion( Ex) i =0 ...(102)

0
(H % +. 0 0.,

0 ’
or . 5 (HO -E) yw + (H - E) \yko =0 ...(10b)
The coefficient of A" gives the equation .
(Ho " H: H’q(,)k' oy HOY - B v - ECw - B y) =0
( - Ek) Wk" + (Hr i Ek’) \Vk' + (H" _ Ek”) ‘I’I? =0 (]Oc)
gimilarly, the coefficient of 23 yield '
0 1774 ’ ” »
(H0 —E) W+ H -E)w+H" -E)yw + H" - EZ") \y,? =0 ..(10d)

But if we limit the total Hamiltonian H upto A H’, i.e., if we put H = H° + A H’, then equations

(10) will be modified as
(H - Be) i = 0 | A ]
H - E) w + H - E) ve =0 () e
H - E) v+ H - B W - B i =0 .(0) ae
H - B v+ H - E) v - BV - E” e = 0.(d) |

First order perturbation : Equation (11b) is

H - E) v+ H = E) ¥ =0
To solve this equation we use expansion theorem. As perturbation is very small, the deviations form
unperturbed state are small, therefore the first order perturbation correction function Wy’ can be expanded in

. 0 0 0
terms of unperturbed functions Y1 , W2 5 - VI

Hence we write

, since \ylo form a normalized o_fthonormal set.

’ g 0 h
\Ilk =l§0 al ‘l,l . ...(12)

Substituting y’ from (12)in (1 1b), we get
' n 0
(HO—EkO) Zat\V10+(H -E) v =0
!

P

/ n v
ie. )}azHO\WO—EkOZl:al\I’lO’f(H ~E)w =0

USi"SHO Wlo = Ezo 1."10, we get
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0 ’ e ., = U,
“llazEzoule—EkO%al\l’l +(H -E)w =0

0 _ 50 O = (B¢ - H) W (
%al(EI—Ek)le—(k (13)
Multiplying above equation by \y,g* and integrating over configuration space, we get
0 ’ ’ 0
Z a (EI _ Ek) J Wm d‘r :j Wm* (EL = H) Yk dt
Using the condition of orthonormalisation of Yo's,
0 fori#]j
s 0 0 — 8. =
‘ iz _ jWi*Wj “'T—5u‘{1fori=j
h 0 , 0 0x ’ 0
we get T a E - B b = j V' EX Wk dt - J Y H' W dt
i
= E/ Slnk'j \I’m H,W dr
Using the notations
J'wm H Wk dt=<m |H"| k>.
we get :
«(14)

za EL = EQ) 8y = B Sy — <m | H'| k>.

o
(‘ *f’\ %valuatlon of first order energy E; : Seltmg m = kin eqn. (14), we observe that
o mmm—

Z (7] (El = E}c) 8kl Oalways.

Since for/ = &, E;O - Eko = Qand for/ # k, &y = 0so that, we get
0=E -<kmlIHIEk>,

Ek, =<k lH’, k> = j‘Pko* H ‘Pko dar. : .(15)

This expression gives first order perturbation energy correction. Accordingly the ‘first order
perturbation energy correction for a non-degenerate system is just the expectation value of first order

N\ perturbed hamiltonian (H °) over the unperturbed state of the system.”’
" ' __Evaluation of first order correction to wave function :

or

P " Equation (14) may be expressed as
y (ES - E) = Ef 8y — <m |H'| k> .(16)
. =0forl#m
Since &,y { L i 2

Form # k, equation (16) gives
y (EL -~ E) = —<m |H'| k>
__<m|H'| k> _<m|H"} k>

or =
— m 0 0o - 0 0
Em-Ek Ek "Em
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Setting ms=jqa - <LIH|E
=ik (17
{f we retain only first order corectiop ¢ — E; - E
) en
Ek = Eko + )\'Ek’
...(a)
Yy = 0 , ..(18)
Keeping in view equations (12) and (17 Vi + Ay )
. ) we get from (18b),
Vk=wy +ax SLLH | k> o
: —L = 1 k> 0
d : l E,? EO vy, + )"ak Wy . (19)
. ) - E|
ere prime (or ash) on summation ingicarec .
E:l:' it reminds that [ # k). dicates that the term I = i has been omitted from the summation
e value of constant @, m .
b kmay be evaluatd by requiring that \y; is normalised, i.e.
Wiy dt =1 .(20)
ituti .
Substituting W from (19) and retaining only first order terms in A : we get
0+ 0
0+ 0 vy
J Vi Wk 41 + lqk_[ Vi W dt + At j \w?* wko 4o+ AT <l |0H | é> Sy
| | OB - E
’ I\ > *
+ AY L. \OH l 0 ] 5,k= |
! Er - E
w2 K

kak + kak* =0 ie a, + ak* =0
This equation indicates that the real part of ay is zero and still it leaves an arbitrary choice for the
imaginary part. ' '
Letustakeay = i Y.
The wave function yj can then be expressed as

Wi = W + MYy + AT L e

or

EX - E
.0 . , ’
=y (1 +idy) +AZ i”o_“”_(fi v .(22)
l Ek _ El .

The term containing y merely gives a phase shift in the unperturbed function \w? and for normalisation,
this shift can be put equal to zero, so that equation (22) gives :

0 <l |H'| k> | 0
Vi =W + A% ___|0_|_0_ v - +(23)
' Ey - E
The arbitrary A can be put equal to 1 and it may be included in symbols, i.e. AH’ — H’; then eigen
values and eigen functions of the system upto first order perturbation correction terms are expressible as

¢ S E=E +<k|H| k> @
i 0 ,<U|H'| k> o ..(24
and = Y =V + %" '_lo_.'—l_o_ Vi -.(b) 4
W -y E; - E
Second Order Perturbation : The second order perturbation equation (11 ¢) is
d . ” ’ ’ ’ wo )
H - EN w + H —E) W - B w =0 A(110)
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r as a linear combination of unperturbed orthonory,,
« \‘J'Q\.

. /
Expanding second order wave functions Wk

functions \p,g by expansion theorem, ie. .
\J,’k” =X bm Ym
m "'QS)

<l |H'] k> 0. u” = 0
Substituting Yk = Z El £ vy Ve = Z b Ym
. — Ei

E/ =<k |H' | k>m(11c) we get

and
’ 5 |
(H"-Ek")zbmwﬁJr(H-<k|HIk>)Z<—’L'i—~—\w—E v =0 ol
o E —E1 “
0 ’ l,\ ” =
of L bn Ho\yrg-E,?Zb,,,\vm+(H-<lelk>)Z’——ll01-‘I";()"‘l’l“Ek ‘V;?=0 B,
Ex - Li )

Using unperturbed Schroedinger equation
i’ Wm B E ‘Vms we get

0_0 0 0 k>
Emem‘l’m"Ek%bme+(H"<le'|k>)§'—“L——L I_E Wk—()

<l |H"| k> 0
———'L‘—L"‘\Vt -E" y =0

0 0 .
o Shy (ES-E) ym 4 (H =<k |H|k)I "o 0
m ' Ek - E[

Multiplying by \p,? and integrating over all space, we get

__L__J__\w

0 0 ’ ’ ’
gbm(Em-Ek)fw,?*w.ﬁ'dij,?*w—<k|H|k>)2 -
k - L
n 0 0
- E; j \pn* Yy dt =0
Using orthonormal property of unperturbed wave functions w ’s, we get

<l|H|k><n|H | 1> ):,<k|H |k><l\H lk>
Ek-Et - Ek—Ez

S by (ES = EX) 8um + 3
m \

-E” =0 ..(26)
Jaluahon of second order energy correction :
Setting n = kin (26), we get
E by (B = B0 B+ 3 <t|H'[k> <k |H 1 > g <klH k> <l LH k>
.Ek -E ! Ey - E/
- Ek" O = 0 .(27)

Asdy =1 and% by, (E,g - E,? ) S =0 for all values of m, eq{xation (27) gives

<l|H|k><k|H’|l 2:<k|H|k><l|H | k> 5 )
l kl wee
Ek-51 Ek—El

Considering the second term in equauon (28), we note that this term is zero sin
of lexceptforl = k and this term is not included in the summation. Then equation (28) gives

k” = zl

ce &y = 0 for all values
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Ek" — ” <1 H,
}1: LH" | k> <k |H'|I>
If we assume that H’ is Hermitigp, oper, Ek b= t:lo
ator. we may “nle
B =y M (29)

Ek _El

er Cnergy
correction term E,” i - i inds the
Mmmatio,. E\”. The prime on-summation rem

,_7 \aluatlon of second order correction to ¢
Form # n, equation (26) gives Wave function ; .o

by (En Ek)+§'<l H’ k><n H’

This equation gives second ord
n m,sslom oftheterm/ = fip the sy

> 2,<1A|H [k><l|H | &

6,,[=0
<l Ek—El B¢ - B
or w (Ep EL)'*'Z'\I\J&’WH’ C<lk|H | k><n [H | k> _ 4
E oA . 0 _ 0
This gives k- B Ex - En
by, §’<I|H|"><"|H|1> <lk|H[k><n]H | k
. B - E)) &Y - £ | E - Eq)’
Setting n = m, we get
b,,,-z'<’|” l’<><mlH’|l> <lk|H’|k><m|H’lk> .(30)
(Ek = El) (Ek = Em) (Ek - Em)

This cquatlon determines all coefficinets bp’s but not by. The coeffimient b,\ is determined by the
normalization condition for y; retalmng only terms upto second order in A.

\l’k-Wk + Ay +l‘l!k =‘VL + Ay + 32 % by
=\vk + Ay +?»bwk

' ’ ' H' k> 0
LR 2:,<lllg | k0> <k0JH(|)l> <k |H’ |k><m| | }\Pm .
m |t (B - E) (Ex - En) (B¢ - En)’
The nornalization condition for Y gives -

j‘l’k*‘i’kdt=1

Substituting Yy from (31); we get
<I|H'| k><k |H'| I>
0 0 0 ’ 2 j 0* 0 d,t + }’2 zl Zl
J Yty dt + kJ‘ vty du+ AT b ) Wi Wk i LA E,O)(Eko o

0 0
I Y* Y dt + lf ety e+ A by jw* v dt

_ <k |H’ |k><m|H|k>
(Ek" m)

* ’ * 0
<1|H|k>*<k|H|l> <k|H|k> <m|HIk> }J\Vg*\vmdt
(Ek"Em)

I

X >
ol 1 (Ek—El)(Ex_m)

m

1l

P w1
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lz,‘
G+ 0+ 220 +225 ] % <l]H|k><le|’> <k|Hlk><m|H‘k
: & ’ (Ek - El) (Ek - Em) (EL m) S,
+0+ M p* A% 2 <”H0| k;* <If)]h{oI 2% <k LB kotam A sy
m |1 (B -Er) By — Ep) (EL - Eo Oy
+ 2 x z'<”” | k>* <m | H’ lk>j 0,
m Vit oyt dt <
(Ek = EI) (Ek = Em)
[using y’ from 24 (b))
or lzbk+12bk +l z'zf<l|H|k>*(m]H|k>51m=0
‘ N 7 X o
or k,:bk+b*+3;'<”11|k>*<!|H|k>J 0
E - E) (& ) :
As A% # D, therefore, we have ‘
2
<Il|H' k> ,
, | | | k> | @

or b + bt =
' ’ B - B
The real part of by is fixed by this equation but the imaginary part is arbitray. The choice of imaginary
part simply affects the phase of the'unperturbed wave function and it does not affect the energy of the
system. Hence the imaginary part of by may be equal to zero. Thus, we have

<l|H’l k>|
b = - x| S -(33)
: T 2(Ek - E)
’ ” ’ 0
Then W’ =L by T + I b W
|<I|H lk>[2 <l H’ | k><k|H'|1> <k|H'|k><m|H'| k>] o
l Yk +§ i -0 0, ;o0 0 - 0 Ym
AEL -Ez) (Bx - Er) (Ex —En) (Ex —En)
: ' «(34)
Thus the complete eigen values and eigen function con‘ected upto second order perturbation terms are
given by :
-Ek + AE/ + A2 E/”
2 g <k L] 1>| |
-Ek +A<k]Hlk>lZ : (35
B - E
0, a0t 32 »
and /\I’k =y + AW+ AW
Q0 , ‘ 2
0 C<I|H | k> 0, A2 <I|H' k> 0
> =V +AZ '0 lo v+ A ,' LA k> ]
! By - E 3 2(Ek "El)
+ 3 z,<ll({{’lk0> <k0IH’IOI>_<le’I/§)> <":)l2H l.k> %2 .(36)
m | b (E, - E) (E. - En) (Ex — En)
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